Abstract: Stokes flow with variable viscosity in a spherical layer is considered. This task appears in many geophysical problems related to mantle convection. For a particular case of spherically symmetric viscosity and density distributions, a solution of the system of the Stokes and continuity equations is constructed in an analytic form. We demonstrate how these solutions can be used for creation of test problems suitable for benchmarking numerical algorithms. Finite difference scheme for multigrid algorithm for solving Stokes equations with variable viscosity in a spherical coordinate system has been derived. Scheme has been tested by comparing with benchmark solutions.
Introduction
Research on dynamical processes in the Earth and planets relies increasingly on sophisticated quantitative models. Improved understanding of fundamental physical processes such as mantle convection depends heavily on better numerical modelling. Sometimes numerical results of complicated models, being wrong from a mathematical point of view, can feature the Earth dynamics in a 'realistic' way and can hence lead to wrong physical interpretations. Geodynamicists need an instrument to distinguish between wrong and true solutions. Various discretisations, i.e., finite difference, finite element, finite volume and spectral, have been applied to model mantle convection (see, e.g., Ismail-Zadeh and Tackley (2010) and Gerya (2010) . One of the most attractive ways to verify a numerical approach is a comparison with a benchmark solution, preferably, analytical. A number of benchmark papers have been published over the years, providing test cases to validate new codes. Such comparisons have been published for thermal convection in 2-D (Blankenbach et al., 1989; Travis et al., 1990) , 3-D (Busse et al., 1993) , 3-D spherical geometry (Stemmer et al., 2006) , for thermo-chemical convection (van Keken et al., 1997; Tackley and King, 2003) , for the Stokes flow over cavity (Driesen et al., 1998; Popov and Makeev, 2014) , for the Stokes flow with variable viscosity (Popov et al., 2014) , for the Stokes flow with high contrast inclusions (Lobanov et al., 2014; Popov et al., 2015) , for viscoplastic thermal convection (Tosi et al., 2015) . Analytical benchmark solutions of Stokes equations in cylindrical coordinate system derived in Makeev et al. (2015) . Comparisons with numerical benchmark have been published in Schmeling et al. (2008) , Travis et al. (1990) and van Keken et al. (2008) .
Three-dimensional Stokes equations with variable viscosity in spherical coordinates are considered in this work. Mantle convection in spherical geometry was considered in many works (see, e.g., Zhong et al., 2000; Davies et al., 2013; Kageyama et al., 2008; Kageyama and Yoshida, 2005; Zebib et al., 1980; Bercovici et al., 1989; Glatzmaier, 1988; Ratcliff et al., 1996; Hernlund and Tackley, 2008) . We obtain exact particular solutions for the system of the Stokes and continuity equations with variable viscosity. These solutions can play a role of a benchmark for numerical approaches. Semi-analytical benchmark solution for viscous Stokes flow in two eccentrically nested spheres derived in Tosi et al. (2007) . Analytical benchmark solutions of the equations of heat convection for the case when viscosity is a quadratic function of the radius in the spherical coordinate system presented in Choblet (2005) . Benchmark solutions of other equations in spherical shells were obtained in Zhong et al. (2008) and Chabaud et al. (2013) . As for other solutions of the Stokes flow in spherical coordinates, we can mention Ranger (1973) and Tosi and Martinec (2007) . Among finite differences approaches, one can mention the multigrid method which demonstrates high efficiency for solving of the Stokes equations with variable viscosity (Duretz et al., 2011; Brenner, 1990; Kang et al., 1996; John and Tobiska, 2000; Wang and Chen, 2013; Notay, 2014; Maitre et al., 1985; Weber, 1993 Weber, /1994 .
We compare the results obtained by the multigrid method for the Stokes flow in a spherical shell with the benchmark solution constructed analytically. The general description of the system of equations is given in Section 2. Analytical benchmark solutions are obtained in Section 3 for viscosity and density depending on radial coordinate r only. Section 4 contains the description of numerical algorithm. Section 5 contains results of testing with using of the constructed benchmark solutions.
Stokes equations in spherical coordinates
In spherical coordinate system (r, θ, ϕ) position of a point is specified by radial distance r, polar angle θ and azimuthal angle ϕ. 3D Stokes and continuity equation for the case of variable viscosity and density are as follows:
Here v is velocity, σ is the total stress tensor, ρ is the density, g is a gravitational force. In spherical coordinates, equation (2) takes the form:
The three components of the divergence of total stress in spherical coordinates (r, θ, ϕ) are as follows: 
where P is a pressure and τ is the deviatoric stress tensor.
The components of the deviatoric stress tensor for incompressible deformation are given by the following expressions: 
where η is a dynamic viscosity.
Analytical solutions
In this section, we obtain two particular solutions of the system of Stokes and continuity equations for specific density, viscosity and gravitational force distributions: We will seek particular solutions, namely, such that 
The continuity equation takes the form: 
Equation (3) takes the form:
Analogously, equation (4) 
This equation, immediately, leads to the equation for 1 :
Consider the case of the polynomial dependence of the viscosity on the radial coordinate , br (10) transforms into the Riccati equation (Tenenbaum et al., 1963) :
is a particular solution of (11). Here ( 1 2 ) As a result, one obtains the solution of (4) in the following form:
Using the expression (12) for 1 ( ), v r θ we obtain the radial component of the velocity by (7) Substituting (12), (14) in (8) 
As for equation (5) 
Correspondingly, the equation for 1 v ϕ has the form: Formulas (13), (14), (15), (17) gives us the solution of equations (1), (2) for polynomial dependence of the viscosity on the radial coordinate:
. br 
Integration of (20) gives us the expression for the pressure (recall that v r is already known):
For the case , br α η = equation (4) can be transformed to the form (9). As a result, we come to the following solution: 
Numerical model
We develop finite difference scheme for multigrid method in spherical coordinates. As usual for a multigrid methods, the solution is constructed on a sequence of hierarchically nested grids. From level to level grid resolution increases by a fixed factor.
Accurate solution is obtained on the finest grid. On coarser grids we compute corrections for solutions on finer grids. A procedure for solving of the Stokes equations by multigrid method in the Cartesian coordinates is described in Gerya (2010) . In our work, we derive a similar approach for spherical coordinates. As usual, an algorithm of multigrid method consists of three operations:
• smoothing operation
• restriction operation
• prolongation operation.
Spherical coordinates are orthogonal coordinates. So the implementation of the prolongation and restriction operations in our method is not different from the implementation in the case of the Cartesian coordinates. As for the smoothing operation, it differs. This procedure is described in the Appendix in details.
The scheme of an algorithm testing is as follows. We have obtained particular solutions (13), (14), (15), (17) and (17), (19), (21), (22) of the Stokes and continuity equations. Let us choose a part of spherical layer (a parallelepiped in the spherical coordinates). We calculate the values for velocity and pressure given by our analytical solution at the layer boundary and take these values as the boundary conditions for the numerical algorithm. Due to the uniqueness theorem, the numerical solution of the boundary problem in the domain should coincide with our analytical solution. Comparison of the result with the exact analytical solution gives us the error of the numerical solution and shows the quality of the numerical algorithm. Below, we consider an example of such benchmarking. We deal with the multigrid algorithm and compare the numerical and the analytic results.
Multigrid testing
First, as has been mentioned above, we calculate the values of the benchmark solution at spherical layer (parallelepiped in spherical coordinates) boundary and take these values as the boundary conditions. We modify the multigrid algorithm from (Gerya 2010) for spherical geometry problem and perform the benchmarking for it. Let us compute the velocity and the pressure by the multigrid method. The deviations of these values from the exact solutions are related with the error of the multigrid method. We calculate the relative error norms of three types: L 1 , L 2 , L ∞ . The results presented in Figures 1 to 4 .
Example 1:
In the first example, we assume that there exists non-trivial gravitational terms: Benchmark solution (13), (14), (15), (17) correspond respectively to numerical, analytical solutions and the value of error (i.e., the difference of two solutions). Positive slope corresponds to the decreasing of error for the decreasing of grid step. This means that the algorithm is convergent.
Example 2: Consider an analogous example with another viscosity dependence on the radial coordinate. We take Using these assumptions, one obtains the following benchmark solution (13), (14), (15), (17) Correspondingly, the error norms convergence is characterised by Figure 4 . 
Conclusions
Exact particular solutions of the system of Stokes and continuity equations with variable viscosity and density in spherical coordinates are obtained for particular case of spherically symmetric distributions of the viscosity and density. Large variety of benchmark problems can be easily generated for variable gradients of viscosity and density fields. Similar testing technique was considered in Cartesian geometry (Popov et al., 2014) and in cylindrical geometry (Makeev et al., 2015) . These solutions extend the class of benchmark solutions in spherical coordinate system (Choblet, 2005; Tosi et al., 2007) . One can note that benchmark with analytical solutions are advantageous over comparisons to other codes due to the absence of errors generated by the algorithm playing the role of a benchmark. An implementation of the multigrid method for solving the Stokes and continuity equations with variable viscosity in spherical coordinates has been developed. Algorithm testing for different viscosity distributions showed good quality even in the case of high viscosity contrast. The greatest error occurs in the calculation of the pressure. The largest relative error -L ∞ . This is a consequence of the uneven distribution of the error region. The largest error occurs at the corners of the field, which leads to an increase in L ∞ type of error. Stokes flows with high viscosity contrast is typical for flows in mantle. To test the corresponding algorithm, we can choose large value of power (tenth power in Example 2). Lobanov, I.S., Popov, I.Y., Popov, A.I. and Gerya, T.V. (2014) ' Vol. 171, pp.187-197. van Keken, P.E., King, S.D., Schmeling, H. et al. (1997) 'A comparison of methods for the modeling of thermochemical convection ', Journal of Geophysical Research, Vol. 102, pp.22.477-22.495. Wang, M. and Chen, L. (2013) 
Appendix

Gauss-Seidel smoother
Smoothing operation can be implemented on the basis of the Gauss-Seidel iterations with pressure updates computed from local divergence scaled to local viscosity (14) and (15). The respective iterative pressure and velocity update schemes for a regularly spaced grid can be derived:
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in the Stokes equations (3) to ( 5).
For models with variable viscosity, the respective residuals in equations (16) to (18) 
, , 
where τ is the deviatoric stress tensor.
Our multigrid algorithm implements standard V-cycle schedule. Grid hierarchy consist of six levels. On the first level , , , , 
are composed of residuals interpolated from finer levels.
Discretisation of the continuity equation
We use grid cell which formed by latitude and longitude lines. Such type of grid contains a singularity at the poles. This detail is not so significant for the simulation of flows in a part of spherical shell. Figure 5 shows an elementary volume (cell) of a 3D staggered grid that can be used for discretisation. Pressure located at the centre of the cell. Components of velocity vector are located in the middle of the faces. Viscosity is determined at four different places corresponding to the positions of normal (η n in the centre of the cell) and shear ( , , r r θ ϕ θ ϕ η η η in the middle of the respective edges) stress components. For terms in equations (25) and (28), we obtain the following discretisation: 
Discretisation of the θ-Stokes equation
For terms in equations (26) and (29), we obtain the following discretisation:
Pressure derivative:
( , 1, 1)
( 1, 1, 1) . (27) and (30), we obtain the following discretisation:
( 1, 1, )
( 1, 1, 1) . 
